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Furuichi, Yanagi and Kuriyama gave three conjectures of trace inequalities on the Wigner–
Yanase–Dyson skew information and a generalized Wigner–Yanase skew information
(Furuichi et al. (2009) [1]) and Yanagi found a counterexample showing that two of the
three conjectures don’t hold (Yanagi (2010) [6]). In this note, we show that the last
conjecture does not hold in general. In addition, we show that in the case of 2×2 matrices
the conjecture is true.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
For a density matrix ρ and an observable A, Wigner–Yanase skew information
Iρ(A) ≡ 1
2
Tr
((
i
[
ρ1/2, A
])2)= Tr(ρA2)− Tr(ρ1/2Aρ1/2A) (1.1)
was deﬁned in [5]. Here the commutator is deﬁned by [A, B] = AB − B A. This quantity was generalized by Dyson
Iρ,α(A) ≡ 1
2
Tr
((
i
[
ρα, A
])(
i
[
ρ1−α, A
]))= Tr(ρA2)− Tr(ρα Aρ1−α A), α ∈ [0,1], (1.2)
which is well known as the Wigner–Yanase–Dyson skew information. The relation between these quantities and the uncer-
tainty relation was studied in [4,7].
In [1,7], Furuichi et al. introduced a new generalized Wigner–Yanase skew information
Kρ,α(A) ≡ 1
2
Tr
((
i
[
ρα + ρ1−α
2
, A
])2)
= Tr
((
ρα + ρ1−α
2
)2
A2
)
− Tr
((
ρα + ρ1−α
2
)
A
(
ρα + ρ1−α
2
)
A
)
(1.3)
for α ∈ [0,1] and then derived a kind of uncertainty relation. They gave three conjectures of trace inequalities on the
Wigner–Yanase–Dyson skew information and a generalized Wigner–Yanase skew information [1]. Recently, Yanagi found a
counterexample showing that two of the three conjectures don’t hold [6]. The aim of this note is to show that the last
conjecture does not hold in general, but the conjecture is true in the case of 2× 2 matrices.
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Let Mn (resp. Mn,sa) be the set of all n × n complex matrices (resp. all n × n self-adjoint matrices). Let Dn be the set of
strictly positive elements of Mn while D1n ⊂ Dn is the set of strictly positive density matrices, that is,
D1n =
{
ρ ∈ Mn
∣∣ Tr(ρ) = 1, ρ > 0}.
Let ρ ∈ D1n be ﬁxed. For any A ∈ Mn,sa , deﬁne A0 ≡ A − Tr(ρA)I , where I ∈ Mn is the identity matrix. For the density
matrix ρ , the expectation of A is expressed by Tr(ρA) and the variance for ρ and A is deﬁned by Vρ(A) ≡ Tr(ρA2) −
(Tr(ρA))2 = Tr(ρA20). We introduce the Heisenberg’s uncertainty relation:
Vρ(A)Vρ(B)
1
4
∣∣Tr(ρ[A, B])∣∣2 (2.1)
for any ρ ∈ D1n and A, B ∈ Mn,sa, and the strong result was given by Schrödinger
Vρ(A)Vρ(B) − 1
4
∣∣Tr(ρ{A0, B0})∣∣2  1
4
∣∣Tr(ρ[A, B])∣∣2.
Here the anticommutator on Mn is deﬁned by {A0, B0} = A0B0 + B0A0. To describe one parameter extended versions for
the inequality (2.1), we introduce some deﬁnitions [1,4,7].
Deﬁnition 2.1. (a) For ρ ∈ D1n and A ∈ Mn,sa, we deﬁne
Jρ(A) ≡ 1
2
Tr
({
ρ1/2, A0
}2)= Tr(ρA20)+ Tr(ρ1/2A0ρ1/2A0)
and
Uρ(A) ≡
√
Iρ(A) Jρ(A). (2.2)
(b) For α ∈ [0,1], ρ ∈ D1n and A ∈ Mn,sa, we deﬁne
Jρ,α(A) ≡ 1
2
Tr
({
ρα, A0
}{
ρ1−α, A0
})= Tr(ρA20)+ Tr(ρα A0ρ1−α A0)
and
Uρ,α(A) ≡
√
Iρ,α(A) Jρ,α(A). (2.3)
(c) For α ∈ [0,1], ρ ∈ D1n and A ∈ Mn,sa, we deﬁne
Lρ,α(A) ≡ 1
2
Tr
({
ρα + ρ1−α
2
, A0
}2)
= Tr
((
ρα + ρ1−α
2
)2
A20
)
+ Tr
((
ρα + ρ1−α
2
)
A0
(
ρα + ρ1−α
2
)
A0
)
and
Wρ,α(A) ≡
√
Kρ,α(A)Lρ,α(A). (2.4)
The uncertainty relation for the Wigner–Yanase skew information fails, i.e., the inequality
Iρ(A)Iρ(B)
1
4
∣∣Tr(ρ[A, B])∣∣2
does not hold in general (see [4]), but S. Luo derived the uncertainty relation on Uρ(A) in [3]:
Uρ(A)Uρ(B)
1
4
∣∣Tr(ρ[A, B])∣∣2. (2.5)
This inequality is a reﬁnement of (2.1) in the sense of Uρ(A) Vρ(A) for ρ ∈ D1n and A ∈ Mn,sa . In [1], the authors obtained
the uncertainty relation for a generalized Wigner–Yanase skew information:
Wρ,α(A)Wρ,α(B)
1
4
∣∣∣∣Tr
((
ρα + ρ1−α
2
)2
[A, B]
)∣∣∣∣
2
, α ∈ [0,1]. (2.6)
In case α = 1/2 in (2.6), the inequality reduces to (2.5).
Furuichi, Yanagi and Kuriyama gave the following conjectures of trace inequalities on the Wigner–Yanase–Dyson skew
information and a generalized Wigner–Yanase skew information in [1].
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(a) (See Conjecture 2.3 of [1].) For α ∈ [0,1], ρ ∈ D1n and A, B ∈ Mn,sa, does the inequality
Uρ,α(A)Uρ,α(B)
1
4
∣∣Tr(ρ[A, B])∣∣2 (2.7)
hold?
(b) (See Conjecture 2.10 of [1].) For α ∈ [0,1], ρ ∈ D1n and A, B ∈ Mn,sa, does the inequality
Uρ,α(A)Uρ,α(B)
1
4
∣∣∣∣Tr
((
ρα + ρ1−α
2
)2
[A, B]
)∣∣∣∣
2
(2.8)
hold?
(c) (See Conjecture 2.11 of [1].) For α ∈ [0,1], ρ ∈ D1n and A ∈ Mn,sa, does the inequality
Kρ,α(A) Vρ(A) (2.9)
hold?
Recently, Yanagi found a counterexample and showed that Conjectures 2.1 (a) and (b) don’t hold [6]. In Section 3, we give
a counterexample that Conjecture 2.1 (c) does not hold in general. In addition, we show that in the case of 2 × 2 matrices
the conjecture is true (Remark 3.1).
3. On Conjecture 2.1 (c)
Let ρ = ∑l λl|φl〉〈φl| ∈ D1n , where {φl}nl=1 is an orthonormal set in Cn , that is, Tr(ρ) = ∑l λl = 1, λl > 0. By a simple
calculation, we have
Vρ(A) = Tr
(
ρA20
)=∑
l
λl〈A0φl, A0φl〉
=
∑
l,m
λl〈φm, A0φl〉〈φl, A0φm〉
=
∑
l,m
λl|aml|2
=
∑
l,m
λl + λm
2
|aml|2 (3.1)
for any A ∈ Mn,sa , where aml = 〈φm, A0φl〉 and alm = aml. See also Section 3 of [2].
Let A ∈ Mn,sa and α ∈ [0,1]. By a similar calculation, we have
Kρ,α(A) = Kρ,α(A0)
= Tr
((
ρα + ρ1−α
2
)2
A20 −
(
ρα + ρ1−α
2
)
A0
(
ρα + ρ1−α
2
)
A0
)
= 1
2
∑
l,m
((
λαl + λ1−αl
2
)2
+
(
λαm + λ1−αm
2
)2)
|aml|2 −
∑
l,m
(
λαl + λ1−αl
2
)(
λαm + λ1−αm
2
)
|aml|2
= 1
2
∑
l,m
(
λαl + λ1−αl
2
− λ
α
m + λ1−αm
2
)2
|aml|2 (3.2)
where aml = 〈φm, A0φl〉.
Example 3.1. We set the density matrix ρ and an observable A ∈ M3,sa such as
ρ =
(
λ1 0 0
0 λ2 0
0 0 λ3
)
, A =
(1 0 1
0 1 0
1 0 1
)
where λ1, λ2, λ3 > 0, λ1 + λ2 + λ3 = 1. The density matrix ρ is written as ρ = λ1|φ1〉〈φ1| + λ2|φ2〉〈φ2| + λ3|φ3〉〈φ3|, where
φ1 =
( 1
0
)
, φ2 =
( 0
1
)
, and φ3 =
( 0
0
)
.0 0 1
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A0 = A − Tr(ρA)I =
(0 0 1
0 0 0
1 0 0
)
,
thus a13 = a31 = 〈φ1, A0φ3〉 = 1, and otherwise alm = 〈φl, A0φm〉 = 0.
Conjecture 2.1 (c). Let ρ and A in Example 3.1 and α ∈ [0,1]. Using (3.1) and (3.2), we get
αA = Vρ(A) − Kρ,α(A)
= 1
2
∑
l,m
[
(λl + λm) −
(
λαl + λ1−αl
2
− λ
α
m + λ1−αm
2
)2]
|aml|2
= (λ1 + λ3) −
(
λα3 + λ1−α3
2
− λ
α
1 + λ1−α1
2
)2
.
On the other hand, if λ1 = 10−8, λ3 = 10−4, λ2 = 1− 10−8 − 10−4 and α = 0.01, then αA approximately takes −0.0015. If
0< λ1 = λ3 < 1, λ = λ1 + λ3 < 1 and α ∈ [0,1], then αA = λ > 0. Therefore, the inequality (2.9) does not hold.
Remark 3.1. We would like to mention that for any ρ ∈ D12, A ∈ M2,sa and α ∈ [0,1], the inequality (2.9) holds. The density
matrix ρ can be expressed as ρ = λ1|φ1〉〈φ1| + λ2|φ2〉〈φ2| where λ1, λ2 > 0, λ1 + λ2 = 1 and {φ1, φ2} is an orthonormal set
in C2. By (3.2), we have
Vρ(A) − Kρ,α(A) = λ1|a11|2 + λ2|a22|2 +
[
(λ2 + λ1) −
(
λα2 + λ1−α2
2
− λ
α
1 + λ1−α1
2
)2]
|a12|2
= λ1|a11|2 + λ2|a22|2 +
[
1−
(
λα2 + λ1−α2
2
− λ
α
1 + λ1−α1
2
)2]
|a12|2
where alm = 〈φl, A0φm〉, l,m = 1,2.
Because of 0<
λαk +λ1−αk
2 < 1, k = 1,2, the equality Vρ(A) Kρ,α(A) holds.
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